We characterize graphs of large enough order or large enough minimum degree which contain edge cuts whose deletion results in a graph with a specified number of large components. This generalizes and extends recent results due to Ou (Edge cuts leaving components of order at least m, Discrete Math. 305 (2005), 365-371) and Zhang and Yuan (A proof of an inequality concerning k-restricted edge connectivity, Discrete Math. 304 (2005), 128-134).
Introduction
Many variants of the edge connectivity of graphs have been proposed and considered [4, 5, 8] to measure the fault-tolerance of interconnection networks with respect to link failure. In this context a connected graph G = (V, E) was called λ a,a -connected for some a ∈ N if it has an edge cut S ⊆ E such that G − S = (V, E \ S) has exactly two components of order at least a. While the concept of λ a,a -connectedness was used to quantify and compare the reliability of special network topologies [2, 3, 15, 14] several authors studied λ a,a -connected graphs in general [1, 6, 9, 12, 16] focusing on the existence and minimum size of the corresponding edge cuts.
The starting point for the research we present here are recent results due to Ou and Zhang and Yuan who characterized λ a,a -connected graphs which are either of large order [12] or of large minimum degree [16] . We present a short proof of a generalization of Ou's main result in [12] . As we have noted in [13] , one of Zhang and Yuan's main results in [16] can easily be derived from a powerful theorem due to Győri [7] and Lovász [11] . We demonstrate how to extend the result from [16] to edge cuts leaving three or four large components and pose a related conjecture.
For integers a 1 , a 2 , ..., a k ∈ N we say that a connected graph G = (V, E) is λ a 1 ,a 2 ,...,a kconnected if it has an edge cut S ⊆ E such that G − S has k components with vertex sets [12] as well as [16] the λ a,a -connectedness was characterized by the absence of a small set of vertices whose deletion results in a graph all components of which are small. Therefore, for integers a, k ∈ N we say that a graph G = (V, E) is (a, k)-stellar, if there is a set U ⊆ V of at most k vertices such that all components of G − U = G[V \ U ], the subgraph of G induced by V \ U , are of order at most a − 1.
Results
Our first result generalizes the main result from [12] . Theorem 2.1 Let a, b ∈ N with 2 ≤ a ≤ b and let G = (V, E) be a connected graph of order n ≥ max{2b − 1, 3a − 2}.
Then G is λ a,b -connected if and only if G is not (a, 1)-stellar.
Proof: For the "only if"-part let S be a minimal edge cut such that G − S has a component with vertex set A of cardinality at least a and another component with vertex set B of cardinality at least b. If u ∈ A, then G − u has a component containing B, and, if u ∈ A, then G − u has a component containing A. This implies that G is not (a, 1)-stellar.
If G is a tree, then for every vertex u ∈ V there is a neighbour p(u) ∈ V such that the component of G − u containing p(u) has order at least a. Since G has more vertices than edges, there is an edge uv ∈ E such that p(u) = v and p(v) = u. This implies that both components of G − uv have order at least a. Since n ≥ 2b − 1 at least one component of G − uv has order at least b and G is λ a,b -connected.
If G is not a tree, then we prove the existence of an edge e ∈ E for which G − e is not (a, 1)-stellar which implies the result by an inductive argument. Let e ∈ E be an edge in a cycle C of G. Clearly, we may assume that G − e is (a, 1)-stellar. Let u ∈ V be such that all components of (G − e) − u have order at most a − 1. Clearly, u ∈ V (C). Since G is not (a, 1)-stellar, there are two components of (G − e) − u with vertex sets X and Y such that e joins a vertex in X and a vertex in Y , |X|, |Y | ≤ a − 1 and , 1) -stellar and the proof is complete. 2 Note that our proof works along the same lines as the proof in [12] but that we present a considerably shorter argument. Choosing a = b in Theorem 2.1 we obtain the main result of [12] . [12] ) Let a ∈ N with a ≥ 2 and let G = (V, E) be a connected graph of order n ≥ 3a − 2.
Corollary 2.2 (Ou
Then G is λ a,a -connected if and only if G is not (a, 1)-stellar.
Next we consider λ a 1 ,a 2 ,...,a k -connected graphs for k ≥ 3 and a 1 = a 2 = ... = a k . Some arguments in the proof of Theorem 2.1 can be extended for trees and lead to the following result.
A tree is λ a 1 ,a 2 ,...,a k -connected with a 1 = a 2 = ... = a k = a if and only if it is not (a, k − 1)-stellar.
Proof: For the "only if"-part let S be a minimal edge cut such that T −S has k components of cardinality at least a. Since every set of at most k − 1 vertices misses at least one component of T − S, the "only if"-part follows.
The "if"-part is proved by induction over k. For k = 1, the result follows from the fact, that a connected graph is not (a, 0)-stellar if and only if its order is at least a. Now let k ≥ 2 and let T = (V, E) be a tree which is not (a, k − 1)-stellar. For every edge uv ∈ E, the forest T − u has a component of order at least a. Hence at least one of the two components of T − uv has order at least a.
We direct every edge uv ∈ E of T from u to v, if the component of T − uv that contains u has less than a vertices.
If all edges of T are directed, then there is a vertex such that all incident edges are directed to this vertex. Deleting this vertex from T results in a forest all components of which are of order less than a. This contradiction implies that there are edges of T which are not directed.
If u 1 u 2 ...u l is a maximal path in T whose edges are not directed, then all edges incident with u 1 different from u 1 u 2 are directed to u 1 . Let T denote the component of T − u 1 which contains u 2 .
If T is (a, k − 2)-stellar, then let U be a set of at most k − 2 vertices of T such that all components of T −U are of order at most a−1. Clearly, all components of T −(U ∪ {u 1 }) are of order at most a − 1 which implies the contradiction that T is (a, k − 1)-stellar. Hence T is not (a, k − 2)-stellar and thus, by induction, there is a minimal edge cut S of T such that T − S has k − 1 components of order at least a. Clearly, T − (S ∪ {u 1 u 2 }) has k components of order at least a and the proof is complete. 2
Note that König's classical theorem [10] relating the cardinalities of a minimum vertex cover and a maximum matching in bipartite graphs can be phrased as follows: For every k ∈ N a bipartite graph is λ a 1 ,a 2 ,...,a k -connected with a 1 = a 2 = ... = a k = 2 if and only if it is not (2, k − 1)-stellar. Thus, in the special case a = 2, Theorem 2.3 remains valid for all bipartite graphs.
In general we observe the following.
Proposition 2.4 Let a, k ∈ N and a 1 = a 2 = ... = a k = a.
(1) A graph which is (a, k − 1)-stellar is not λ a 1 ,a 2 ,...,a k -connected.
(2) A graph which is not (a, a(k − 1))-stellar is λ a 1 ,a 2 ,...,a k -connected.
Proof: Since (1) is obvious we focus on (2). Let {V 1 , V 2 , ..., V l } be a maximal collection of disjoint sets of vertices each inducing a connected subgraph of G of order exactly a.
Clearly, all components of G − (V 1 ∪ V 2 ∪ ... ∪ V l ) are of order at most a − 1. Since G is not (a, a(k − 1))-stellar, we obtain l ≥ k which easily implies that G is λ a 1 ,a 2 ,...,a k -connected. 2
The following is one of the main results of [16] .
Theorem 2.5 (Z. Zhang and J. Yuan [16] ) Let a ∈ N and let G = (V, E) be a connected graph of order n ≥ 2a and minimum degree δ ≥ a − 1.
As we have demonstrated in [13] Theorem 2.5 is a consequence of the following result.
.., v k ∈ V are k distinct vertices of G and the integers n 1 , n 2 , ..., n k ∈ N are such that n 1 + n 2 + ... + n k = n, then there exists a partition
We conjecture that Theorem 2.5 extends in the following way.
Conjecture 2.7 Let a, k ∈ N with a, k ≥ 2 and let G = (V, E) be a connected graph of order n ≥ ka and minimum degree δ ≥ a + k − 3.
Then G is λ a 1 ,a 2 ,...,a k -connected with a 1 = a 2 = ... = a k = a if and only if it is not (a, k − 1)-stellar.
It is easy to see that the only graphs which satisfy the assumptions of Theorem 2.5 (k = 2) or Conjecture 2.7 and are (a, k − 1)-stellar arise from the union of l ≥ k + 1 cliques with vertex sets V 1 , V 2 , ..., V l of order a − 1 by adding k − 1 vertices x 1 , x 2 , ..., x k−1 which are adjacent to all vertices in V 1 ∪ V 2 ∪ ... ∪ V l and possibly to each other.
Our next two results settle the case k = 3 of Conjecture 2.7 and establish a slightly weaker result in the case k = 4. Theorem 2.8 Let a ∈ N and let G = (V, E) be a connected graph of order n ≥ 3a and minimum degree δ ≥ a.
Then G is λ a,a,a -connected if and only if G is not (a, 2)-stellar.
Proof: If G is 3-connected, then Theorem 2.6 implies that G is λ a,a,a -connected. Hence we may assume that there is a set V ⊆ V with |V | ≤ 1 such that G = G[V \ V ] is a connected graph with at least two endblocks. Let B and C be the vertex sets of two arbitrary endblocks of G with cutvertices u B and u C , respectively. If |B| ≥ a + 1, then Theorem 2.6 implies the existence of a partition B = B 1 ∪ B 2 such that G[B 1 ] and G[B 2 ] are connected, |B 1 | = a and u B ∈ B 2 . If V = ∅, then let v C ∈ C \ {u C } be a neighbour of the unique vertex in V . Clearly, |C| ≥ δ ≥ a and Theorem 2.6 implies the existence of a partition
] is connected and of order at least a for 1 ≤ i ≤ 3, i.e. G is λ a,a,a -connected. Hence we may assume that all endblocks of G are of order at most a. By the minimum degree condition, this implies that V = ∅ and all endblocks of G are of order exactly a.
Next, we assume that B and C are vertex-disjoint. If G has at least three endblocks, then we assume without loss of generality the existence of an endblock D of G with C ∩ D = ∅. If G has only the two endblocks B and C, then the following argument needs no further assumption. The partition
] contains a component of order at least a for 1 ≤ i ≤ 3. This easily implies that G is λ a,a,a -connected. Therefore, we may assume that no two endblocks of G are vertex disjoint. This implies that all blocks of G are endblocks sharing the same cutvertex. Therefore all components of G[V \ (V ∪ {u B })] are of order at most a − 1, i.e. G is (a, 2)-stellar and the proof is complete. 2 Theorem 2.9 Let a ∈ N. If G = (V, E) is a connected graph of order n ≥ 4a + 4 and minimum degree δ ≥ a + 4, then G is λ a,a,a,a -connected.
Proof: If G is 4-connected, then the result follows immediately from Theorem 2.6. Hence we may assume that G is not 4-connected.
Claim 1 There is a set
(1) either has three endblocks, (2) or has l ≥ 2 blocks with vertex sets B 1 , B 2 , ..., B l such that
has at least two endblocks. If G 0 has three endblocks, then (1) holds and we are done. Hence we may assume that G 0 has exactly two endblocks, i.e. G 0 has l ≥ 2 blocks with vertex sets B 1 , B 2 , ..., B l such that |B i ∩ B i+1 | = 1 for 1 ≤ i ≤ l − 1 and
(Note that B 1 and B l are the endblocks of G 0 .) In view of (a)-(e), we may assume that |B l | > 2a, G[B l ] is not 3-connected and |V \B l | < 2a. This implies that B l contains a vertex x different from the cutvertex in B l such that
In view of (1), we may assume that G 1 has exactly two endblocks. Hence G 1 has l blocks with vertex sets C 1 , C 2 , ..., C l such that
(Note that the block B l is replaced by the blocks C l , C l+1 , ..., C l .)
Again, in view of (a)-(e), we may assume that |C l | > 2a, G[C l ] is not 3-connected and |V \C l | < 2a. Repeating the same argument we obtain that C l contains a vertex y different from the cutvertex in C l such that
Since G 2 has at least 4 blocks and minimum degree at least δ −|V 0 ∪{x, y}| ≥ δ −4 ≥ a, it follows easily that |V \ D 1 |, |V \ D l | ≥ 2a and one of (a), (b), (c), (d) or (e) holds. This completes the proof of the claim. 2
We will now prove that the graph G from Claim 1 is λ a,a,a,a -connected which clearly implies that also G is λ a,a,a,a -connected. Note that G has order at least 4a and minimum degree at least a.
Case 1 Condition (1) in Claim 1 holds.
Let G have three endblocks with vertex sets B, C and D and cutvertices u B , u C and u D , respectively. Theorem 2.6 implies the existence of three sets
Hence G is λ a,a,a,a -connected in this case. Since |B 1 |, |B l | ≤ 2a, Theorem 2.6 implies the existence of two sets
There is an index i with 2 It is possible to slightly weaken the assumptions of Theorem 2.9 by using the vertices in the set V similarly as in the proof of Theorem 2.8. Since we were not able to obtain the full statement of Conjecture 2.7 for k = 4, we decided not to further burden the technical proof of Theorem 2.9.
